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Abstract 

We consider the action of the Lie algebra of polynomial vector fields, oect(l), by the Lie 
derivative on the space of symbols Sg — (B j=o Fs-j ■ We study deformations of this action. 
We exhibit explicit expressions of some 2-cocycles generating the second cohomology 
space Hj iff (oect(l), T> v ^) where T> U:fM is the space of differential operators from T v to 
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1 Introduction 



Let Oect(l) be the Lie algebra of polynomial vector fields on R. Consider the 1-parameter 
deformation of the t>ect(l)-action on the space M.[x] of polynomial functions on M. defined by: 



L x xjL (f) = Xf' + \X'f, 

dx 



where X, f 6 M.[x] and X' := Denote by T\ the Dect(l)-module structure on WL[x] defined 
by this action for a fixed A. Geometrically, T\ is the space of polynomial weighted densities 
of weight Aon 1: 

T\ = {fdx x | / G K[x]} . 

The space J-\ coincides with the space of vector fields, functions and differential 1-forms for 
A = — 1, and 1, respectively. 

Denote by := Homdiff^i/, F^) the Dect(l)-module of linear differential operators with 
the Dect(l)-action given by the formula 

L w /(A)=L^oA-AoL v x . (1.1) 

Each module T) v ,u, has a natural filtration by the order of differential operators; the graded 
module := grV u ^ is called the space of symbols. The quotient-module 2^ /X^" 1 is 
isomorphic to the module of weighted densities •7 r /i _ I/ _fc, the isomorphism is provided by the 
principal symbol map o~ pT defined by: 



A = ^2ai(x) (S-J *-> o-pr(A) = a k (x)(dx] 



(see, e.g., [ID]). As Oect(l)-module, the space Si/ n depends only on the difference 5 — fj, — is, 
so that S Ut n can be written as 5,5, and we have 

oo 
k=0 

as Dect(l)-modules. The space of symbols of order < n is 

n 
3=0 

The spaces T> Vtfl and S$ are not isomorphic as decf(l)-modules: T> v „ is a deformation of 5^ 
in the sense of Richardson-Neijenhuis [Uj. In the last two decades, deformations of various 
types of structures have assumed an ever increasing role in mathematics and physics. For each 
such deformation problem a goal is to determine if all related deformation obstructions vanish 
and many beautiful techniques been developed to determine when this is so. Deformations 
of Lie algebras with base and versal deformations were already considered by Fialowski in 
1986 [6j. It was further developed, introducing a complete local algebra base (local means 
a commutative algebra which has a unique maximal ideal) by Fialowski in (1988) [7]. Also, 
in [7], the notion of miniversal (or formal versal) deformation was introduced in general, and 
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it was proved that under some cohomology restrictions, a versal deformation exists. Later 
Fialowski and Fuchs, using this framework, gave a construction for versal deformation [8]. 

We use the framework of Fialowski [7] (see also pQ and [2]) and consider (multi-parameter) 
deformations over complete local algebras. We construct the miniversal deformation of this 
action and define the complete local algebra related to this deformation. 

According to Nijenhuis- Richardson [14j . deformation theory of modules is closely related 
to the computation of cohomology. More precisely, given a Lie algebra g and a g-module V, 
the infinitesimal deformations of the g-module structure on V , i.e., deformations that are 
linear in the parameter of deformation, are related to H 1 (g,End(V)) . 

Denote T> := T>{n, 5) the Oect(l)-module of differential operators on Sg. The infinitesimal 
deformations of the Dect(l)-module <Sg are classified by the space 

(oect(l), V) = e A , fc l4 ff (eect(l), V XMk ) , (1.2) 

where H^ iff denotes the differential cohomology; that is, only cochains given by differential 
operators are considered. Feigin and Fuchs computed H^g- (oect(l), 2>\,A') > see P3- They 
showed that non-zero cohomology Hj iff (dect(l), Da,a') only appear for particular values of 
weights that we call resonant which satisfy A' — A 6 N. Therefore, in formula (jl.2p . the 
summation ©A,fc is over all A and k satisfying < /? — A — k < (3 — X < n. 

In this paper we study the deformations of the structure of Dect(l)-module on the space 
of symbols S$. We give the second-order integrability conditions which are sufficient in some 
cases. We will use the framework of Fialowski [6l [7j and Fialowski- Fuchs [5] (see also pQ and 
[2]) and consider (multi-parameter) deformations over complete local algebra base. For some 
examples, we will construct the miniversal deformation of this action and define the local 
algebra related to this deformation. The space }i\ iS (vect(l),V\ : \ + k) was calculated in [5], 
and for space Hj iff (Dect(l), £>A,A+fc) we can deduce the dimension from [5], see also [1]. We 
give explicit expressions of some 2-cocycles that span H 2 (oect(l), £>A,A+fc)- 

2 Cohomology Spaces 

Let g be a Lie algebra acting on a space V. The space of n-cochains of g with values in V is 
the g-module 

C"(g,y):=Hom(A"(g),n 

The coboundary operator d n : C n (g,V) — > C n+1 (g,V) is a g-map satisfying d n o <9" -1 = 0. 
The kernel of d n , denoted Z n (Q,V), is the space of n-cocycles, among them, the elements in 
the range of d" 1 " 1 are called n-coboundaries. We denote -B n (g, V) the space of n-coboundaries. 
By definition, the n th cohomolgy space is the quotient space 

R n ( Q ,V) = Z n (Q,V)/B n (Q,V). 

We will only need the formula of d n (which will be simply denoted d) in degrees 0, 1 and 2: 
for v e C°(g, V) = V, dv(X) := Xv, for b 6 C 1 (fl, V), 

db(X,Y) := Xb{Y) - Yb(X) - b([X,Y]) 

and for Q G C 2 (q,V), 

d£l(X,Y,Z) :=Xn(Y,Z)-Q([X,Y],Z)+ O (X,Y,Z) 
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where O (X, Y, Z) denotes the summands obtained from the two written ones by the cyclic 
permutation of the symbols X, Y, Z. 



2.1 The First Cohomology Space 

The first cohomology space H\ iS (tieci(l),T>x : x+k) was calculated by Feigin and Fuks in [5]. 
The result is as follows 

Theorem 2.1. The space H ( !| iff (tiect(l), 2?A,A+fc) has the following structure: 

M if k = 0, 2, 3, 4 for all A, 
R 2 if A = and k = 1, 
H^ iff (dect(l),P A ,A+fc) ^ I R if A = or A = -4 and k = 5, (2.3) 



i/ A = -5±^1£ an d k = 6, 
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otherwise. 

These cohomology spaces are spanned by the cohomology classes of the 1-cocycles, C^A+fc : 
dect(l) — > D\ y \ + k, that are collected in the following table. We write, for X4- S Dect(l) and 
fdx x £F x , 

C x , x+k (x£)(fdx x ) = C KX+k {X){f)dx x+k . 



Table 1. Cocycles that span H < l liff (t)ect(l), T> x ^ 



C x ,x(X)(f)=X'f 



C Qil (X)(f)=X"f 



c 0j i(x)(/) = (x'fy 



C x , x+2 (X)(f)=X^f + 2X"f' 



Cx,x+3(X)(f)=XWf' + X»f" 

C x ,x+4(X)(f) = -XX™ f + xWf - 6XW> - 4X"/ (3) 



C , 5 (X)(/) = 2X& f' - 5XW f" + lOXWfW + hX"fW 

CL 4 ,iP0(/) = 12XWf + 22X^f' + hXWf" - VOXWfW - 5X"/ (4) 



C a!>ai+6 (X)(/) = a t X^f - frXWf - 7l X^f" - 5XWfW + 51^ + 2X"/ (5j 



where 

„, _ _5jVl9 _ 22+5^ a _ 31+7VT9 _ 25+7^ 

"1 2 ' 1 4 ) Ml 2 ' '1 2 ' 

02 = -8^31, a2 = _22^T9 ; ft =31=7^ 72 = 25^19 _ 

The maps C XfX+ j(X) are naturally extended to S$ = ® ? = o -^-j ■ 
2.2 The Second Cohomology Space 

Let g a Lie algebra and V a g-module, the cup-product defined, for arbitrary linear maps 
Ci, C 2 : -»■ End(V), is defined by: 

[Ci,C 2 ] : ® ^End(V) 
[Ci,C 2 ](x,y) = [Ci(x),C 2 (y)] + [C 2 (x), 
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Therefore, it is easy to check that for any two 1-cocycles C\ and C 2 G Z 1 (g, End(V)), the bilin- 
ear map [Ci, C 2 ] is a 2-cocycle. Moreover, if one of the cocycles C\ or C 2 is a 1-coboundary, 
then [Ci,C 2 ] is a 2-coboundary. Therefore, we naturally deduce that the operation (|2.4|) 
defines a bilinear map: 



H^fl.End^)) ® H^g.End^)) H 2 ( , End(V)). 



(2.5) 



Thus, we can deduce the expressions of some 2-cocycles by computing the cup-products of 
1-cocycles. That is especially important if we know the dimension of H 2 (g, End(V)). 

The second cohomology space H^- ff (oect(l), T>x,\+k) of Oect(l) can be deduced from the 
work of Feigin-Fuks [5] (see also [1]). The result is as follows 

Theorem 2.2. The space H^ iff (dect(l), T>x.x+k) has the following structure: 



H 2 iff (dect(l),P A , 



A+fc, 



if < 



k = 
k = 

k = 
if k = 
otherwise. 



1,A = 0, 

2,3,4,7,8,9,10,11 for all A, 
12, 13, 14 but A is either or ^ ± V12 ^~ 23 , 
= 5, A = 0, — 4, or k = 6, A = ai,a 2 , 



In the sequel, we consider some 2-cocycles £lx,\+k ■ t)cct(l) x dect(l) — > T>x,\+k- F° r 
X£, Y-^ G Otrt(l) and /dx A G J^a, we write 

^A,A +fc (x^,y^)(/dx A ) = ^ AiA+fc (x,y)(/) ( ix A + fc . 

We need the following two lemmas: 

Lemma 2.3. Let &a,a+2 6 C 1 (oect(l), £> AjA + 2 ) defined as follows: for X-^ G tJCct(l) and 

fdx x G ^ A 

3 

6 A , A+2 (X)(/)=^a i X( 3 -i)/0) (2.6) 
3=0 

where the coefficients ctj are constant. Then the map dbx.x+2 '■ Dect(l) x dect(l) — > £\ A + 2 *s 
given by 

dbx,x +2 (X, Y)(f) = -Xa 3 XY^f - Xa 2 X'Y^f - a 3 (3X + l)XY^f - a 2 (2A + 1)X'Y" f 
-a 3 (3A + 3)XY"f" - a 3 XY' _ <-» Y). 

(2.7) 

Proof, straightforward computation. □ 

Lemma 2.4. Any <%o,5 6 C 2 (dect(l), X>o.s) ^ as ^ e general following form: for X-£-, Y-^ G 
oect(l) and / G Fq, 

db 0t5 (X, Y)(f) = a (9X"Y^ + 5X( 3 )yW)/ - a 6 XY^f - a 5 X'Y^f 
+(a 2 + 5ai - a 4 )^"y( 4 )/' - 6a 2 Xy( 5 )/" - 5a 5 A:'y( 4 )/" 
+(2a 2 + 3a 3 - 4a 4 )X"Y^f" - 15a 6 XY^ f^ - lOo^'y^ 3 ) 
-20a 6 Xy( 3 )/( 4 ) - 10a 5 X'y"/( 4 ) - 15a 6 XY"f& + Q5 iy'/(«) _ {X <- y). 

(2.8) 



5 



where the coefficients ay are constant and the map &o,5 : Vectp iDect(l) — > l?o,5 * s given by 

6 

&o, 5 (I)(/) = ^a 3 I (6 ^/ (j) . (2.9) 

Proof, straightforward computation. □ 

Proposition 2.5. TTte cohomology spaces H^ iff (dect(l), "Da.a+Ai); /orfc = 1, 2, 3, 4, are spanned 
by the cohomology classes of the nontrivial 2-cocycles S7a,a+Ai defined by 

no tl (X,Y)(J) = (X'Y" - X"Y')f, 

n XiX+2 (X,Y)(f) = (X^r - X'YW)f + 2(X"Y' - X'Y")f>, 
Q x>x+3 (X,Y)(f) = (X"Y^ - X®Y")f + (X®Y' - X'Y®)f, 
ny X+4 (X,Y)(f) = -XX'Y® f + X'Y& f - QX'Y^f" - 4X'Y"f® - {X «-> Y) 

Proof. The map O 0j i is the cup-product of the 1-cocyles Co,i and C\^. So, the map 
Oo,i is a 2-cocycle, therefore, we will need only to prove that it is nontrivial since the space 
Hjj. ff (t)ect(l),X>o,l) is one dimensional. Let 60,1 £ C 1 (eect(l), £>o,i) defined by 

2 , 
60,1 (X, /) = ajX (2 - j) / (i) , where atj G M, X— G Oect(l), / G = R[x]. 
j=Q X 

Thus, 

db 0>1 (X,Y)f = a 2 (x"Y - XY")f' + a 2 (XY - XY)f" 
and therefore, it is clear that 

n 0!l (X,Y)f^db 0>1 (X,Y)f, for all q , a u « 2 G M. 

The map ^a,a+2 is the cup-product [Ca 5 a+2> Ca,a]- By Lemma [2T3| it is easy to check that 
^a,a+2 is a nontrivial 2-cocycle. 

Besides, by direct computation, as before, we show that the cup-products {C XiX+3 , ^a,a] 
and [Ca+4,a+4 5 ^a,a+4] are nontrivial 2-cocycles. So, the spaces H| iff (t>ect(l), £>a,a+3) and 
H^ iff (tiect(l), 2?a,a+4) can be spanned respectively by the cohomology classes of the nontrivial 
2-cocycles Oa,a+3 and ^a,a+4 defined by 

^a,a+3 = [Ca,a+3i Ca,a1 and ^A,A+4 = [Ca+4,a+4, Ca,A+4J- 

□ 

Now, we consider the cohomology spaces H^ iff (eect(l),2>\,A-Hfc) f° r k = 5, 6. These spaces 
are generically trivial, but, for k = 5 and A = —4, or k = 6 and A = a\, 02 (where 
a\ = — 5±y^i9 an( j fl2 _ _ 5— vi9 ^ they are two dimensional. In the following proposition we 
exhibit a basis for each of them. 
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Proposition 2.6. The cohomology spaces H^ ff (ttect(l), V 0:5 ), H^ ifT (dect(l), P-4,1) and H^ ifT (t>ect(l), £> aiiCli+6 ) ; 

(J=i, Hj, are respectively spanned by the cohomology classes of the nontrivial following 2- 

cocycles: 

n r o (X,Y){f) = {X^Y" + X^Y^)f + 4X^Y"f + 3X^Y"f" - (X <-> F), 

n 0i5 (x, y)(/) = 2x^7' + 5X'Y^f" + iox( 3 )y/( 3 ) + 5x"y7< 4 ) - (x y), 

n-4,l(X, Y)(f) = 2X^Y"f + 3X^Y"f" - (X F), 

fL 4jl (x, y)(/) = 12x^7 + 22x^7' + 5i (4) y'/" + iox'y( 3 7 (3) + 5X'Y"f^ 

- (X ~ Y), 

Q aiAi+6 (X,Y){f) = (X^Y" + X^Y^)f + 3X^Y"f" + 2X^Y"f^ - (X <-> Y) 

h auai+6 (x,Y)(f) = a^Y'f + frx'YWf + ^x'y® f" + zx'Y^f^ + 5X< 3 )y7 (4) 

+ 2X"y7 (5) - (X <-> Y), i = l,2. 
Proof. The 2-cocycles 0o,5 an d ^o,5 are denned as follows: 

^0,5 = [C 2 ,5, C ,2], and fi ,5 = [C 5 ,5, Cb.s]- 

By Lemma 12.41 it is easy to show that these 2-cocyles are nontrivial. Indeed, for instance, 
compering the term in / in both the expressions of f2o,5 and of 9£>o,5 given in (|2.8p . we see 
obviously that f2o,5 can not be a coboundary. 

Similarly, we show that the 2-cocycles fi_4,i = [CL^i, C_ 4i _i], J)_ 4) i = C^i, C_ 4! i], 

,aj+3] an d ^ai,ai+6 — [C ai -f6,aj+6 j Ca^.a^+e] are nontrivial. □ 

Now, we give basis for the spaces H^ iff (t)ect(l), Da,a+7) when A ^ {0,-6}, and for the 
spaces H^ iff (oect(l),£> AiA+8 ) when 2A ^ -7±\/39. 

Proposition 2.7. T/ie spaces Hj iff (dect(l), £>a,a+7) w/iere A / 0, — 6 and i/ie spaces H^ iff (t)eci(l), Da.a+s) 
where 2A 7^ —7 ± v39 are respectively spanned by the cohomology classes of the nontrivial 
following 2-cocycles: 

^A,A+7 = [Ca+3,A+7> Ca,A+3]> 
^A,A+8 = [Ca+4,A+8; Ca,A+41 

Proof. By direct computation, we show that the cup-product [Ca+3,a+7> Ca,a+3] is a 
nontrivial 2-cocycle if and only if A 7^ 0, —6. Similarly, the cup-product {Cx+^x+8> Ca,a+4] is 
a nontrivial 2-cocycle if and only if 2A 7^ —7 ± v39. □ 

For k > 9, there are only few cases where we can exhibit 2-cocycles by computation 
of cup-products of 1-cocycles. Theses 2-cocycles generating the corresponding cohomology 
spaces are collected in the following proposition. 

Proposition 2.8. The cohomology spaces H^ ff (t)ect(l), V a ^ tM+9 ), H^ iff (uect(l), V ai ^ ai+6 ), 
H^CoectClJ.D-s,!), H2. ff (t,ect(l),2? ,9) ) H3 iff (t>ect(l),XU, 5 ), H2. ff (Bect(l), P^+io), H2 iff (oect(l),P ai _ 4 , ai+6 ) 
are respectively spanned by the cohomology classes of the nontrivial following 2-cocycles: 

^a, ; ,ai+9 = [C aj +6,ai+9; C ai> A+6]j ^a 4 -3,a 4 +6 = [Caj,Oi+6) C 0< _3 j0i ], 

^-8,1 = [C-4,1, C-8,-4], ^0,9 = [Cs,8) Co,5]) 

fi-4,5 = [Cl,5, C-4,l], ^a 4 ,a 4 +10 = [^+6,^+10, C ai , ai +6}, 

^ai-4,a 4 +6 = [C a , ; ,a,;+6) C ai _4 j(li ]. 

Here we omit the explicit expressions of these last 2-cocycles as they are too long. But, 
as before, by direct computation, we show that they are nontrivial. 
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3 The General Framework 



In this section we define deformations of Lie algebra homomorphisms and introduce the notion 
of miniversal deformations over complete local algebras. Deformation theory of Lie algebra 
homomorphisms was first considered with only one-parameter of deformation [8j [T^ 117] . 
Recently, deformations of Lie algebras with multi-parameters were intensively studied ( see, 
e-g-, [D [13 IS]). Here we give an outline of this theory. 

3.1 Infinitesimal deformations 

Let po : g — ► End(F) be an action of a Lie algebra g on a vector space V. When studying 
deformations of the g-action p$, one usually starts with infinitesimal deformations: 

p = po + t C, 

where C : g — > End(F) is a linear map and t is a formal parameter. The homomorphism 
condition 

[p{x),p(y)} = p([x,y}), 

where x,y £ fl, is satisfied in order 1 in t if and only if C is a 1-cocycle. Moreover, two 
infinitesimal deformations p = po + tCi, and p = po + tC2, are equivalents if and only if 
Ci — C2 is a coboundary: 

(C 1 -C 2 )(x) = [p (x),A] :=dA(x), 

where A € End(V) and d stands for differential of cochains on g with values in End(V). 
So, the space H 1 (g,End(y)) determines and classifies the infinitesimal deformations up to 
equivalence, (see, e.g., [U E]). If H 1 (g, End(V)) is multi-dimensional, it is natural to con- 
sider multi-parameter deformations. More precisely, if dimH 1 (g, End(V)) = m, then choose 
1-cocycles C\, . . . ,C m representing a basis of H 1 (g,End(V A )) and consider the infinitesimal 
deformation 

m 

p=po+J2 tiCi > ( 3 - 10 ) 

1=1 

with independent parameters t\, . . . , t m . 

In our study, an infinitesimal deformation of the dect(l)-action on S^ 1 is of the form 

C X = L X +C^\ (3.11) 
where Lx is the Lie derivative of S$ along the vector field X4- defined by (II. 1|) . and 

6 

C x =EE^+i C x , x+j (X) +t 0jl C 0A (X), (3.12) 

A j=0 

and where t\ t \ + j and to,i are independent parameters, 6 — AgN, S — n < X, X + j<5 and the 
1-cocycles Ca,A+j an d Co,i are defined in Table 1. We mention here that the term 4o,iCo,ipQ 
don't appear in the expression of £^ if 5 — n ^ Z_ or 5 £ N*. 
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3.2 Integrability conditions 

Consider the problem of integrability of infinitesimal deformations. Starting with the in- 
finitesimal deformation (|3.10p . we look for a formal series 

m 

p = po + Y; t * c i + Yl w + • • • ' ( 3 - 13 ) 

i=l i,j 
(2) (3) 

where the highest-order terms p\^ , p\A, ■ ■ ■ are linear maps from g to End(V) such that 

p:g^End(V)0C[[ti,...,U] (3-14) 

satisfies the homomorphism condition in any order in t^, • • • > ^m- 

However, quite often the above problem has no solution. Following [fH [7J and [2], we 
will impose extra algebraic relations on the parameters ti,...,t m . Let 1Z be an ideal in 
C[[ti, . . . , t m ]] generated by some set of relations, the quotient 

A = C[[t 1 ,...,t m }]/Tl (3.15) 

is a local algebra with unity, and one can speak about deformations with base A, see [U [7J 
for details. The map (|3.14p sends q to End(V) <8> A. 

Example 3.1. Consider the ideal 1Z generated by all the quadratic monomials t{tj. In this 
case 

i = C9C m (3.16) 

and any deformation is of the form 13.10\) . In this case any infinitesimal deformation becomes 
a deformation with the base A since titj = in A, for all i,j = 1, . . . , m. 

Given an infinitesimal deformation (|3.10p . one can always consider it as a deformation 
with base (|3. 16j) . Our aim is to find A which is big as possible, or, equivalently, we look for 
relations on ti,... ,t m which are necessary and sufficient for integrability ( cf.pQ, [2]). 

3.3 Equivalence and the miniversal deformation 

The notion of equivalence of deformations over commutative associative algebras has been 
considered in [8]. 

Definition 3.1. Two deformations, p and p' with the same base A are called equivalent if 
there exists an inner automorphism ^ of the associative algebra End(y) ® A such that 

qi o p = p and *(I) = I, 

where I is the unity of the algebra End(V) (g> A. 

The following notion of miniversal deformation is fundamental. It assigns to a g-module 
V a canonical commutative associative algebra A and a canonical deformation with base A. 

Definition 3.2. A deformation p with base A is called miniversal, if 

(i) for any other deformation, p' with base (local) A', there exists a homomorphism ip : 
A' — > A satisfying ip(l) = 1, such that 

p = (I <g> tp) o p . 
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(ii) in the notations of (i), if A is infinitesimal then t/j is unique. 

If p satisfies only the condition (i), then it is called versal. 

The miniversal deformation corresponds to the smallest ideal 1Z. We refer to [8] for a 
construction of miniversal deformations of Lie algebras and to [2] for miniversal deformations 
of g-modules. 

4 Second-order Integrability Conditions 

Assume that the infinitesimal deformation (13. lip can be integrated to a formal deformation 

C X = L X + C { i ] + C^ + Cf + --- (4.17) 

where is given by (I3TT2D and 6^> is a quadratic polynomial in the parameters tA,A+fc with 
coefficients in T>$. We compute the conditions for the second-order terms £( 2 \ Consider the 
quadratic terms of the homomorphism condition 

[Cx,C Y ]=£[x,Y]- (4-18) 

The homomorphism condition (|4.18p gives for the second-order terms the following (Maurer- 
Cartan) equation 

ad 2 ) = -i (4.19) 
so that the right hand side of (14. 19ft is automatically a 2-cocycle. In our case, we obtain: 

i 6 6 

dc{2) = -jCE^+i C A)A+i + i ,iCo ) i, C ^+i + *o,iCo,i]. (4.20) 

A j=0 X j=0 

Let us consider the 2-cocycles: B\\ + k G Zj iff (dect(l), V\ \+k), for k = 0, . . . , 10, defined 

by: 

k 
i=2 

(We consider also Co,i in the expression of B\ t \ + k(X, Y) when it is possible: A = and j = 1 
or A + j = and A + fc = 1). Necessary conditions for the integrability of the infinitesimal 
deformation (|3.12p are that any 2-cocycle B\ \+k, k = 0, ... ,10, must be a coboundary: 

Bx,x+k = db XiX+k , (4.21) 

where &A,A+fc £ C 1 (dect(l), V\ x+k)- We easily see that B\ : x = 0, so, there are no integrability 
conditions for k = 0. In the following, we study, successively, the second-order integrability 
conditions for k = 1, . . . , 10. 



10 



Proposition 4.1. For k = 1, 2, 3, we /ia?;e the following second-order integrability conditions 
of the infinitesimal deformation \3.11\) : 

*o,i(*o,o - *i,i) - *i,i*o,i = 0, (Ar = 1, A = 0) 

*a,a+ 2 (*a,a - *a+2,a+ 2 ) = 0, (k = 2) (4.22) 

*A,A+3(*A,A — *A+3,A+3) = 0, (fc = 3). 

Proof. Obviously, for k = 1 and for A / 0, we have B\ ; x+t = 0, since, C^a+i = 0, 
therefore, there are no conditions in this case. For A = 0, we have 

Bo,i = *o,i*o,o[Co,ij Co,o] + *i, 1*0,1 [Ci,i> Co,i] + *i,i*o,i[Co,i> Co,o]- 
By a straightforward computation, we show that 

[Ci,i,Co,i] = —[Cci,^^] = [Co,i,Co,ol = ^o,i- 

Therefore 

-^0,1 = (*i,i*o,i + *i,i*o,i — *o,i*o,o)^o,i- 

According to Proposition [231 ^o,i is a nontrvial 2-cocycle, so, the first integrability condition: 
*i,i*o,i + *i, ito,i - *o,i*o,o = 0, holds 
For k = 2, we have 

-E>A,A+2 = *A,A+2*A,a[Ca,A+2, Ca,a] + *A,A+2*A+2,A+2 [Ca+2,A+2; Ca,A+2] • 

But, it is easy to show that [Ca,A+2, Ca,a] = - [Ca+2,a+2, C Ai a+2] = ^a,a+2- Thus, we get 
the integrability condition: *a,a+2(*a,a — *a+2,a+2) = 0, since, by Proposition 12.51 ^a,a+2 is a 
nontrivial 2-cocycle. 

Similarly, for k = 3, we obtain *a,a+3(*a,a - *a+3,a+3) = 0. □ 

Proposition 4.2. For k = 4, 5, 6, we have the following second-order integrability conditions 
of the infinitesimal deformation 113. where in the first line A ^ {0, —3}: 



*A,A+4(*A,A — *A+4,A+4) 


= 0, 


*-3,l(*-3,-3 — *l,l) — ^£-3,0*0,1 


= 0, 


*0,4(*0,0 — *4,4) + 10*0,1*1,4 


= 0, 


30*0,0*0,5 — 12*0,1*1,5 — 12*0,1*1,5 + *0,2*2,5 


= 0, 


2 — 

*0,0*0,5 — 5*0,1*1,5 — *0,5*5,5 


= 0, 


30f_4 j _4t_4 i i — 12t_4 5 0*0,l — 12*-4,0*0,1 + *-4,-l*-l,l 


= 0, 


*-4,l*l,l + |*-4,0*0,1 — *_4,-4*-4,l 


= 0, 


tai,aitai,ai+6 ~ *Oj,ai+6*aj+6,Oj+6 


= 0, 


*a,;+3,ai+6*ai,ai+3 -*^i*ai,ai*a;,ai+6 ~i~ *S'i*ai,ai+2*ai+2,ai+6 ^i*aj,aj+4*ai+4 1 aj+6 


= 0. 

(4.23) 



where Ri, Si and Ti are some constants which we leave out their explicit expressions as 
they are so complicated. 

Proof. 1) First, we show that [Ca+2,a+4, Ca,a+2] = db X) x+k where 

= f(A - l)X^f - 2X^f. 
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For A ^ {0, —3}, the 2-cocycle .Ba,a+4 is defined by 

B\,\+4 = £a,A+4*A,a[[Ca ) A+4, C^a] + *A,A+4*A+4,A+4 [6^+4^+4 j Ca,a+4 J 
+ *A,A+2*A+2,A+4[Ca+2,A+4, Ca,A+2]- 

We check that [C a ,a+4, Ca,a] = - [Ca+4,a+4, Ca,a+4] = ^a,a+4- Thus, we get the following 
condition: 

*A,A+4(*A,A — *A+4,A+4) = 0. 

For A = 0, the cup-products [Ci^Coj] and [Ci^Cci] appear in the expression of -Bo,4- 
But, we check that [Ci^Coj] = j^^o,4 and [Ci^, Cb,i] = <%o,4 where 

&„, 4 (I)/ = -il( 5 )/ + I"/ (3) . 

For A = —3, the cup-products [Co,i, C^o] and [Co,!, C^o] appear in the expression of -6-3,1. 
We check that [Cb,i, C^o] = —^^-3,1 and [Ci,4, C^i] = <96_ 3,1 where 

b^ l {X)f = -l X^f-\X^f. 

Thus, for A G {0, —3}, we obtain the following integrability conditions: 

*-3,l(*-3,-3 — *l,l) — 1^-3,0*0,1 = *0,4(*0,0 — £4,4) + 10*0,1*1,4 = 0. 

2) Now, if A ^ {0, -4} the 2-cocycle -Ba,a+5 is defined by 

-#A,A+5 = *A,A+2*A+2,A+5[Ca+2,A+5 5 Ca,A+2] + ^^+3^+3^+51^+3^+5, Ca,A+3J- 

But, by a direct computation, we show that 

[Ca+2,A+5> Ca i A+2] = <96a,A+5 an d [Ca+3,A+5> C A ,A+3] = ^A,A+5 

where, for A 7^ —2, 

&A.A+5 (*)(/) = a^^+8 {U X + 4 )^ (6) / + TSa( 10A2 + 39A " 4 ) X(5) f 

+ ^(4A 2 + 17A + 4)X^f" + ^(3A 2 + 11A - 4)X( 3 )/( 3 )), 

bxM*W(f) = F+W8 ( " m xx(6) f + ro x{5) f + ( A + t)^ (4) /" + (A + f )^(3)/(3)) 

and 

L 2j3 (x)(/) = - |x( 4 )/" - |x( 3 )/( 3 ) - x"/ {4) 

For A = 0, recall that the cohomology space H 2 j iff (eect(l),X>o,5) is spanned by the coho- 
mology classes of the 2-cocycles ^0,5 = [C2,5, Cb, 2 ] and ^0,5 = [C5,5, Co,s] (see Proposition 
12. 6|) . Moreover, in this case, we have 

-#0,5 = *0,l*l,5lCi,5, Co,i] + *0,l*l,5[Ci,5, Co,i] + *0,0*0,5 [Cb,5, Cb,o]- 
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But, by direct computation, we check that 

[Cl.S.Co.i] =-12fto,5 + ^o,5, 

[Cl, 5 , C 0) l] = - 12 ^0,5 + §00,5 + ^0,5, 

[Co,5, Co,o] = 30r2o,5 - ^0,5 + 56o,5 

where 

bo, 5 (X)(f) = -X^f - 55XWf" - 20X'f(V, 
bo >5 (X)(f) = -X^f - 45XWf" - 15X"/ (4) + \X'f$\ 
b , 5 (X)(f) = 3X^f + 135X^f" + 45X"/ (4) - 

Similarly, for A = —4, the cohomology space Hj iff (t)ect(l), £>-4,i) is spanned by the coho- 
mology classes of $1-4,1 = [C-1+ C_4 i _i] and 0_4 ; i = C± t i, C_4 ; i], and we check that 

[C 0l i, C-4,0] = -12fi_ 4) i + |fi-4,l + 96-4,1, 
[C ,i, C_ 4 ,o] = -12n_ 4l i + 36-4,1, 

[C_ 4 ,l , C+4,-4] = 30 0_4,1 " 0-4,1 + 96_ 4 ,i 

where 

6-4,1 (X)(f) = -%x^f - §(X^f" + X"fW) - §X(VfW + \x'f^), 
6_ 4 ,i(X)(/) = -%X^f - §(X^f" + X"fW) - §X( 3 )/( 3 ), 

6-4,1 = §x (5) f + f(iw/" + x"/ (4) ) + f^ 3 ¥ 3) . 

Thus, we obtain the integrability conditions corresponding to the case k = 5. 

3) If A ^ {01,02} then I?a,a+6 is coboundary. More precisily, i?A,A+6 is defined by 

-6a,A+6 =*A,A+2*A+2,A+6[Ca+2,A+6, C+A+2I + *A,A+3*A+3,A+6[Ca+3,A+6, Ca,A+3] 
+ *A,A+4iA+4,A+6[CA+4,A+6, Ca,A+4], 

but, we show that 

[Ca+2,A+6, C+A+2] = 96a, A+6, [Ca+3,a+6, Ca,a+3] = <96a,a+6 and [Ca+ 4 ,A+6, Ca,a+41 = <96a,A+6 
where 

6a,a+ 6 (^)(/) = iiA(2A 2 + 10A + 3) ((-12 - 9A + 97A 2 + 90A 3 + 24A 4 )X( 6 V 

+ (-72 - 404A - 41A 2 + 127A 3 + 60A 4 )A:( 5 )/" 

+ (-180 - 163A + 83A 2 + 160A 3 + 80A 4 )X( 4 )/( 3 ) 

+ (-240 - 922A - 13A 2 + 155A 3 + 60A 4 )X( 3 )/( 4 ) 

+ (-180 - 569A - 15A 2 + 90A 3 + 24A 4 )X"/( 5 )) , 
b x , x+6 (X)(f) = ^A(2A 2 + 10A + 3)((-12A 2 - X)X^f - 2(44A 2 + 10A)X( 5 )/" 

+ (-68A 2 - 32A)X( 4 )/( 3 ) + (12A 2 + 4A)X"/ (5) ) , 
6 A , A+6 (X)(/) = ^A(2A 2 + 10A + 3) ((-97A 2 - 118A 3 )X( 6 )/ 

- (16A + 183A 2 + 118A 3 )X( 5 )/" - (5A + 195A 2 + 580A 3 )X( 4 )/( 3 ) 

- (58A + 323A 2 + 435A 3 )X( 3 )/( 4 ) - (103A + 377A 2 + 174A 3 )X"/( 5 )) . 
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For A = a,i, the cohomology space H^ iff (Uect(l), V aiAi+ Q) is spanned by the cohomology 
classes of the 2-cocycles Q, a ^ ai+ Q = [C ai+ 3 jai+ 6, C auai+ ^\ and VL auai+ § = [C ai+ 6, ai +6; ,a;+6j- 
Moreover, in this case, we have 

Bai,ai+6 ^ai,aitai,ai+6 [Ca^ ,a;+6 ; Ca; 0i J + *ai,ai+2*a;+2,a;+6 [Cai+6,ai+2 > C ai)Qi _|_2] 

+ foj,Oi+3*Oi+3,tH+6 [Coi+3,Oi+6) ^,0^+3] + *ai,a j +4*a i +4,a i +6[Ca i +4,a i +6> £0^+4]. 

But, by direct computation, we show that 

,Oi+6j — Si^a;,aj+6 + <9fra;,a;+6; 

[C ai +4 ja .+6, Ca^+4] = — TjO ai)0i ^.6 + db ai ,ai+6 

where the maps b auai +e, b auai+ § and b auCLi+ § are all proportional to the map b defined by 

b(X)(f)=X^f". 

We omit here the explicit expressions of the scalar factors because they are too complicated. 
Thus, we obtain the integrability conditions corresponding to the case k = 6. 

Proposition 4.3. For k = 7, 8, 9, 10, we have the following second-order integrability condi- 
tions of the infinitesimal deformation h3.11\) . where in the first line A ^ {0, —2, —4, —6} and 
in the fourth A i {-7,0,0*,^ - 2,-4,-^^}: 

(2A + 13)^a,A+3*A+3,A+7 + (1 ~ 2A)^A,A+4*A+4,A+7 = 0, 



45 £-2,0*0,5 — 36 £-2,1*1,5 _ 20 *-2,2*2,5 




0. 


20 £_4 -it-1,3 + 36 £-4,0*0,3 + 45 £_4,i£i,3 




0, 


*A,A+4*A+4,A+8 




0, 


60 *-7,-3*-3,l + *-7,-4*-4,l 




0. 


—60 io,4*4,8 + *0,5^5,8 




0, 


4 £-4,0*0,4 — £-4,1*1,4 




0. 


f]i t , a,i—2,a.itai,ai+6 ~\~ &i *di— 2,ai+2*ai+2,ai+6 




0, 


A*i*ai,aj+6*ai+6,aj+8 + z/ i*aj,ai+4*a+4,aj+8 




0. 


%j,Oj+6*ai+6,aj+9 




0. 


— 3,a^ *ctj ,fli+6 




0, 


i_8,-4*-4,l 




0. 


£-4,o£o,5 — £-4,1*1,5 




o, 


*0,5*5,9 




0, 


*ai ,ai+6*ai+6,ai+10 




0, 


£a<— 4,ai+*ai,ai+6 








(4.24) 



where 

m = 7(76437 + 53739^19), Q x = 64(1160123 + 30689^), 
m = 8947638 + 205273^/19, vi = 96(474174 + 108783^19) 

(V2, &2i M2, ^2 are the conjugates respectively 0/771, 61, m, v\). 
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Proof. 1) If A i {0, -2, -4, -6}, we have 

B\,\+7 = iA,A+3*A+3,A+7[CA+3,A+7i Ca,A+31 + £a,A+4£a+4,A+7[Ca+4,A+7! Ca,A+4], 

but we show that 

[Ca+4,A+7, Ca,A+4] = 2A+ 2 13 ^ A . A +7 + d&A,A+7- 

So, we obtain the second-order integrability conditions for k = 7 and for generic A. Besides, 
we study, as before, singular values of A and then we obtain the corresponding second-order 
integrability conditions. More precisely, the map -Ba,a+7 has the following form: 

^A,A+7 = ^A,A+7(0^A,A+7 + ^A,A+7( t ) 5& A,A+7, 



where 



A,A+7 



f (2A + 13)£ A , A+3 £ A +3,A+7 + (1 - 2A)t A , A+4 tA+4,A+7 if A ^ {0, -2, -4, -6} 

if A = -2, 
if A = -4 
if A = 0,-6. 



"f £-2,0*0,5 + | £-2,1*1,5 + £-2,2*2,5 



| £-4,-l£-l,3 + £-4,0*0,3 + | £-4,l£l,3 





Hereafter we omit the expressions of the maps &A,A+fc an d oJ^ as they are too long. 

2) Now, for k = 8 and 2A / — 7± V39, the spaces H^ iff (t3ect(l), P A ,A+s) are spanned by 
the cohomology classes of the 2-cocycle r2 AjA+8 = [C A+ 4 )A+ g, C A)A+ 4] and generically we have 

B\,\+8 = £a,A+4£a+4,A+8[Ca+4,A+8> Ca,A+41- 

But, for singular values of A, other cup-products appear in the expression of i? A)A+ §. More 
precisely, we show that 

^A,A+8 = ^A,A+8(£)^A,A+8 + Wx jX+8 (t)db\,\+8, 



where 



^A,A+s(£) 



£a+4,A+8£a,A+4 


if A t^O, -7,-4,- 


£-3,l£-7,-3 + gg£-4,l£-7,-4 


if A = -7, 


£4,8£o,4 — qo £o,5£5,8 


if A = 


£-4,o£o,4 — 4-£-4,l£l,4 


if A = -4 


^J~tai+6,ai+8^ai,ai+6 £a;+4,ai+8£(2i,a;+4 


if A = a,i 


g~ tai,ai+§tai-2,ai + £ai+2,ai+6£a;-2,ai+2 


if A = a,i — 2 





if A= 7± f § . 



7+^39 



2) For k = 9, the maps -Ba,a+9 exist only for some singular values of A. More precisely, 
we show that, for A / —4, 



-Ba,A+9 — <^A,A+9(£)^A,A+9 5 
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where 



w A,A+9(*) 



r o 

*-8,-4*-4,l 
*0,5*5,9 



if A ^ ai,ai - 3,0, -8, -4, 

if A = -8, 

if A = 0, 

if A = a, — 3, 



and 



£-4,5 — (*-4,0*0,5 — *-4,l*l,5)^-4,5 + £-4,1*1,5^-4,5 ■ 
3) Finally, we show that 

-Ba,A+10 = w A,A+lo(*)^A,A+10i 

where 

if A 7^ ai, ^ — 4, 

^A,A+lo(*) = < *Oi,Oi+6*Oi+6,Oi+10 if A = Oj, 

*Oj-4,Oi*a<,Oj+6 if A = Oj — 4. 



□ 



Now, in the following theorem, we recapitulate the second-order integrability conditions 
for the infinitesimal deformation (|3,12p . More precisely, we give the necessary conditions to 
have the second term £( 2 ) of (|3.12p . We give all conditions of second order, but, any space SV 1 
is concerned only by relations between monomials tA,A+j*A+j,A+fci where 5 — n<X, X + k<5 
and < j < k < 10. 

Our main result in this paper is the following 



Theorem 4.4. The conditions \4-.22 ), and \4-2J$ are necessary and sufficient for 

second-order integrability of the infinitesimal deformation \3.12}) . 

Proof. Of course, these conditions are necessary as it was shown in Propositions 14. l l 14.21 
and !4.3[ Now, under these conditions, the second term of the the s[(2)-trivial infinitesimal 
deformation (|3.12p is a solution of the Maurer-Cartan equation (|4.20p . This solution is defined 
up to a 1-coboundary and it has been shown in [HI [2] that different choices of solutions of the 
Maurer-Cartan equation correspond to equivalent deformations. Thus, we can always choose 



£(2) 



1 V" u 1~ ~ 1 ~ ~ 

2 2.^1 *A,A+2*A+2,A+4»A,A+4 + 2*0,1*1,400,4 + ^ *-3,0*0,lO-3,l 
^A ^ 

+ ^ ^ *A,A+2*A+2,A+5°A,A+5 + ^ *A,A+3*A+3,A+5&A,A+5 



" A A 



+ 2 *A,A*A,A+5°A,A+5 + ^ Y] *A,A+2*A+2,A+6°A,A+6 

A=0,-4 A 

+ o *A,A+3*A+3,A+6^A,A+6 + ^ *A,A+4*A+4,A+6^A,A+6 



(4.26) 



+ \ W A,A+7(*) fc A,A+7 + g X] w A,A+8(*) & A,A+8 + *-4,l*l,5&-4,5- 
A A 

Of course, any t\ t \ + k appear in the expressions of or if and only if 5 — A and k are 
integers satisfying 5 — n < X, X + k < 5. Theorem 14.41 is proved. □ 
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Remark 4.5. There are no second- order conditions for integrability in the following cases: 

i) k = 0, for all A, 

ii) k = 1 and A ^ 0, 

k = 5 and A ^ 0, —4, 

iv) k = 6 and A 7^ a.;, 

v) k = 7 and A = 0, —6, 

vi) k = 8 and A = -E*^H, 

mi,) = 9 and A 7^ aj, 0, —4, —8, a« — 3, 
i>mj k = 10 and A 7^ Oj, aj — 4. 

5 Examples 

The second-order conditions given in Theorem (|4.4|) are not, in general, sufficient, but they 
are in some cases. In this section we give examples of symbol spaces 5^ for which the 
corresponding second-order integrability conditions are also sufficient and then we describe 
completely the formal deformations of these spaces. Finally, we consider an example for which 
the second-order integrability conditions are not sufficient, but we exhibit the higher-order 
integrability conditions and then we describe also, in this case, the formal deformations. 

Example 5.1. Considers^. The infinitesimal deformation of the dect(l)- action on 5| is of 
the form Lx + £>x > where Lx is the Lie derivative o/5| along the vector field X-^ defined 
bv /ll.l]) . and 

3 3-A 

C X = m>A,A+;CA,A+iPO = (*l I lCi, 1 +t 1 ,3Ca,3+t2 I 2C 2 ,2 + t3,3C 3 ,3)W. (5.27) 
A=l j=0 

We have the unique equation : 

tl >3 (*l,i - *3, 3 ) = (5.28) 

as necessary integrability condition of this infinitesimal deformation. The following proposi- 
tion shoes that this condition is also sufficient. 

Proposition 5.1. There are two deformations of the t>ect(l) -action on 5| with three inde- 
pendent parameters given by : 

Cx = L x + h(C ltl (X) + C 3 , 3 (X)) + t 2 C 2 ,2(X) + t 3 Ci, 3 (X), (5.29) 

or 

Cx = L x + iiCi,i(X) + t 2 C 2 ,2(X) + t 3 C 3>3 (X). (5.30) 
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Proof. We consider the infinitesimal deformation (|5.27p and then we consider solutions 
of (|5.28p . The first solution is : t\ t \ = £3,3, we put t\ = t\ t \ = £3^ , £2 = £2,2 and £3 = 
and then we obtain (|5.29p . The second solution is : t\$ = 0, we put t\ = t\ t \, £2 = £2,2 
and £3 = £3,3 and then we obtain the second deformation. The solution of (|4.19p can be 
chosen identically zero. Choosing the highest-order terms £( m ) with m > 3, also identically 
zero, one obviously obtains a deformation (which is of order 1 in t). □ 

Example 5.2. Now consider <S|. In this case we have 

&x = ti,iCi t i(X) + h^Ci^X) + t\^C\^{X) + t2,2C2,2(^) (5 31) 

+*2,4C2,4pO + *3,3C3,3pO + £4,464,4 (X). 

Proposition 5.2. The space <S| admits eight different formal deformations with four inde- 
pendent parameters. They are all equivalent to infinitesimal ones. 

Proof. The following equations are the necessary integrability conditions of the infinitesi- 
mal deformation Lx + (they are also sufficient): 

tl,3(*l,l-*3,3) = 0, 

M*2,2-t4,4) = °> ( 5 - 32 ) 

h,4,(ti,x — ^4,4) = 0. 

There are eight solutions for these equations, so <S| admits eight different deformations 
with four independent parameters. Like in the first example all these deformations are equiv- 
alent to infinitesimal ones. □ 



Example 5.3. Considers^. 

£^x = *o,oCo,o(^) + io,iCo,iPO + £o,iCo,i(-X") + io,2Co,2pO 

+*0,3Cb,3pO + h,lC\ : i(X) + t2,2C2,2(^) + ts^Cs^X). 

The integrability conditions are 



(5.33) 



to,i(£o,a — *i,i) — h, 1*0,1 

io,2(to,o-t 2 ,2) = (5.34) 

*0,3(*0,0 — *3,3) = 0- 

In this case also these conditions are sufficient and any formal deformation of Sf is 
equivalent to infinitesimal one satisfying {5.3$ . 

One can construct a great number of examples of deformations of <Sf with ^ (or less) 
independent parameters, but the deformation 

Cx = L x + C$ 

is the miniversal one of <S| with base A = C[t]/TZ, where C[t] = C[to,0; *o,i> • • • ] an d ^ *s the 
ideal generated by 

to,l(to,0 — til) — tllto.lj ^0,2^0,0 — *2, 2) and to,3(*0,0 — *3,3)- 
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(5.36) 



Example 5.4. Consider <S|. In this case we have 

= h,iC 1A (x) + i li3 c 1)3 (x) + t 1A c 1A (x) + ti, 5 Ci,5(x) 

+t 2 , 2 C 2 , 2 (X) + t 2tA C 2A (X) + t 2 , 5 C 2 , 5 (X) + t 3<3 C 3 , 3 (X) (5-35) 

+^3,5C3,5pO +i4,4C < 4 ) 4(X) + t^^C^^{X). 

Proposition 5.3. Any formal deformation ofS§ is equivalent to a polynomial one with degree 
< 3. 

Proof. The second-order integrability conditions in this case are 

h,Si,i - t 3 , 3 ) = o, 

£2,4(12,2 — £4,4) = 0, 

*3,5(*3,3 _ h,b) = 0, 

£1,4(^1,1 — £4,4) = 0, 
£2,5(^2,2 — £5,5) = 0, 
£1,5(^1,1 — ^5,5) = 0. 

(2) 

Under these conditions the second-order term C x : !F\ — ► T§ is defined by 

C ( x ] f = |tl,3*3,5&l,5(X)/ = -tl )3 t 3)5 X( 4 )/'. 
(3) 

The third-order term C x : T\ — > J-5 is a solution of the third-order Maurer-Cartan equation: 

dCm = -\ E l£ W ,£ (i) J- (5-37) 

i+i=3 

We compute the right side of the equation (|5.37p , so this equation becomes 

d£^(X,Y)f = %t 1}1 t 1 , 3 t 3t5 xV>Y"f + i(t!,i - t 5 , 5 )t 1>3 t 3>5 xWY'f - (X <- Y). 
Under the following third-order integrability condition: 

(tl,l " *5,5)tl I 3t3,5 = 0, (5.38) 

the equation (|5.37p has a solution: 

^x ) f = \h,it 1 , 3 t 3> ^)f. 
Now, we compute the fourth-order term C x :T\—*T^. It is a solution of: 

9£(4) = ~\ E I^U^] = -\ti,i{Ci,i,C®] -\hf\tf®,Csfl (5.39) 

i+j=4 

It is easy to see that, under the conditions (|5.36|) and (I5.38p . the right hand side of (15.390 is 
identically zero. Thus, the solution of (fCTD can be chosen identically zero. Choosing 
the highest-order terms £( m ) with m > 5, also identically zero, one obviously obtains a 
deformation (which is of order 3 in t). 
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Now, by studying the equations (|5.36p and (|5.38|) . we can see that, up to equivalence, 
the Lie derivative on <S| admits a formal deformation with seven independent parameters, 
this deformation corresponds to the solution = tjj of the equations (|5.36|) and (|5.38p . A 
great number of non trivial deformations with k independent parameters can be constructed 
if k < 7, each deformation corresponds to a solution to equations (|5.36p and (|5.38|) . All these 
deformations are polynomial of order equal or less than 3 in t. □ 

Remark 5.5. In the previous four examples we obtain the same results if we substitute S™ +n 
forS™ where A G R* + . 
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